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ABSTRACT
Several gravitational string backgrounds can be interpreted as 2-dim soliton
solutions of reduced axion-dilaton gravity. They include black-hole and worm-
hole solutions as well as cosmological models with an exact conformal field
theory description. We illustrate the use of gravisolitons for the particular
example of Nappi-Witten universe which is thus “created” from flat space
by soliton dressing. We also make some general comments about the status
of gravisolitons in comparison to soliton solutions of other 2-dim integrable
systems without gravity.
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Several years ago it was realized that the sector of gravitational theories obtained by
dimensional reduction to two space-time dimensions is integrable. Then, the hidden
symmetries of the resulting 2-dim non-linear equations were successfully employed as so-
lution generating transformations to construct new backgrounds from old ones. This was
originally done for pure gravity and it was subsequently generalized to include Maxwell
fields as well as other matter fields that arise in various reduced supergravity models.
The classical problem is exactly solvable in the sense that the hidden symmetry group of
the equations is an infinite dimensional current group (ŜU(1, 1) for pure gravity, ŜU(2, 1)
for Einstein-Maxwell, and so on) and any solution can be obtained from any other one
by transitive action. The integration can be performed by applying the techniques of
inverse scattering as it was first proposed by Belinski and Sakharov [1]. It requires the
introduction of an associated Lax-pair that linearizes the reduced system of equations
and it makes use of a spectral parameter. This prescription is of course rather formal and
only in certain cases that involve transformations with first order poles in the (complex)
spectral parameter plane the calculations can be performed explicitly. Group elements
with such a special pole structure are called soliton dressing transformations and the
resulting gravitational backgrounds are the (multi)-soliton excitations of a given seed
solution. From the mathematical point of view these excitations have the full status of
solitons. As we will see later, however, the 2-dim gravisolitons also have some differences
from the usual soliton solutions arising in other 2-dim integrable systems without gravity.
We are interested in investigating the precise meaning and use of 2-dim gravisolitons
because they arise in the sector of string theory where the compactification goes down to
two space-time dimensions. Discrete remnants of the corresponding infinite dimensional
hidden symmetry group may naturally qualify as U-duality symmetries, and hence this
particular sector of strings is expected to be quite rich in symmetry and probably exactly
solvable by algebraic methods. Since solitonic configurations play a crucial role in this
modern line of investigation in string theory and the soliton spectrum usually becomes
bigger the lower we go in dimension, we are faced with the notion of 2-dim gravisoli-
tons in this sector, hoping to make further progress by understanding them better. Any
such configuration has an interpretation as solution of the original higher dimensional
theory with (commuting) Killing symmetries, but it will not necessarily be quantum
mechanically stable in higher dimensions. Even in two (reduced) dimensions the role of
gravisolitons is not well understood and their relevance still remains somewhat obscure.
For example, one would like to establish a connection between their conventional formu-
lation as inverse scattering solitons and their properties under the 2-dim reduction of the
space-time supersymmetry algebra. It is well known that in other (non-gravitational)
integrable systems in two dimensions, like the sine-Gordon model, the solitons saturate
the Bogomolny bound of the rigid supersymmetry algebra and there is the notion of their
topological charge that becomes important for supersymmetry charges. The theory of
gravisolitons is at a more primitive and formal level at this stage.
It is interesting that many solutions of Einstein equations can be described as 2-
dim gravisolitons including the most general Kerr-NUT black-holes in four dimensions
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(exploiting their stationary axisymmetric character) as well as various cosmological and
colliding plane wave solutions. Recently we have extended this framework to describe
some gravitational string backgrounds with non-trivial dilaton and axion fields as solitons
on flat space [2]. Here we will only examine the details of the construction for cosmo-
logical backgrounds with an application to the Nappi-Witten universe which is known to
correspond to the exact conformal field theory coset SL(2)×SU(2)/SO(1, 1)×U(1) [3].
In the present context we consider 4-dim metrics with two commuting Killing symmetries
ds2 = f(X0, X1)(−(dX0)2 + (dX1)2) + gAB(X0, X1)dXAdXB ; A,B = 2, 3 (1)
together with axion b(X0, X1) and dilaton Φ(X0, X1), which in the lowest order effective
theory couple to 4-dim gravity as an SL(2)/R σ-model with matrix parametrization
λ = e2Φ

1 b
b b2 + e−4Φ
 . (2)
All this is directly formulated in the Einstein frame which is related to the σ-model frame
of the string metric by G(σ)µν = e
2ΦGµν . The cosmological solution of Nappi-Witten falls
into this class having
f = e−2Φ = 1− cos 2X0 cos 2X1 + sin θ(cos 2X0 − cos 2X1), (3)
gAB =

sin2X0sin2X1 0
0 cos2X0cos2X1
 , (4)
b = cos θ(cos 2X0 − cos 2X1) (5)
and it provides a model of an expanding and recollapsing universe as X0 (as well as X1)
range from 0 to pi/2. The parameter θ is free depending on the gauging of the underlying
conformal coset model.
The 2-dim system that arises after dimensional reduction of the lowest order effective
theory is given in general by two decoupled Ernst-type SL(2)/R σ-models, one for the
metric sector and one for the axion-dilaton sector,
∂+(
√
det gg−1∂−g) + ∂−(
√
det gg−1∂+g) = 0, (6)
∂+(
√
det gλ−1∂−λ) + ∂−(
√
det gλ−1∂+λ) = 0, (7)
where we have introduced for convenience the light-cone variables (X0 ± X1)/2. The
same equation is satisfied by
√
det gλ, thus putting both sectors on exactly the same
footing. Also note that since ∂+∂−
√
det g = 0 we may always choose without loss of
generality (and from now on) X0 =
√
det g := α and call β the corresponding conjugate
solution. Then, the equations for the conformal factor simply become
∂±(log f) = −
1
α
+
α
4
Tr
(
(g−1∂±g)
2 + (λ−1∂±λ)
2
)
(8)
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and they can be integrated by quadratures. The integrability of the lowest order effective
theory on these backgrounds clearly originates from the integrability of the Ernst σ-
models.
Next we examine the structure of the soliton solutions by applying inverse scattering
methods. Introducing a spectral parameter l we consider the linear system(
∂± ∓
2l
l ∓ α∂l ±
α
l ∓ α(∂±g)g
−1
)
Ψ = 0, (9)
where Ψ(l = 0) = g. The compatibility condition is precisely the Ernst equation (6);
similarly we could have replaced g with αλ to apply the same method to (7). Let g0 be
a seed solution with Ψ0 being the corresponding solution of (9). The n-soliton excitation
has
Ψ(l) =
(
1 +
n∑
k=1
Rk
l − µk
)
Ψ0(l), (10)
where the poles are roots of the algebraic equation
µ2k + 2(β − C(k)0 )µk + α2 = 0 (11)
for arbitrary constants C
(k)
0 . The residues are 2 × 2 degenerate matrices. Here, in view
of the following application, we only give their explicit form for n = 1, suppressing the
soliton index,
RAB =
(
µ− α
2
µ
) ∑
C MC(g0)ACMB∑
C,DMC(g0)CDMD
, (12)
where the 2-component vector M is MB =
∑
ACAΨ
−1
0 (l = µ)AB with arbitrary moduli
parameter vector C = (C1, C2). Introducing appropriate normalization so that
√
det g is
preserved under the soliton dressing we find the general 1-soliton excitation of g0,
g =
µ
α
(
1− R
µ
)
g0. (13)
The Nappi-Witten universe arises as an (1, 1)-solitonic excitation, where the two
soliton numbers are referring to the metric and axion-dilaton sectors respectively. For
this we use as seed string background the following solution (in the Einstein frame):
ds2 = −dα2 + dβ2 + α(dz2 + dw2); b0 = 0, e−2Φ0 = α, (14)
which is a T-dual face of flat space with trivial axion and dilaton fields with respect to
the isometry ∂/∂β. Applying the previous construction to the g and λ sectors of the
theory and choosing respectively for the moduli parameters
C0 = −1, C1 = 0; C ′0 = 1,
C ′2
2C ′1
=
sin θ − 1
cos θ
(15)
we arrive at the result; further details can be found in [2]. We only note here that the
identification with the cosmological background (3)–(5) is better described by introducing
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the coordinate parametrization α = sin 2X0 sin 2X1, β = cos 2X0 cos 2X1 and then the
soliton moduli parameter θ corresponds to the arbitrariness in gauging the underlying
conformal field theory coset. Thus, the expanding and recollapsing universe of Nappi-
Witten is actually a simple solitonic excitation of the trivial string background. A similar
interpretation can be given to other conformal field theory backgrounds, but lack of space
does not permit to include more examples.
Finally we briefly comment on the present status of 2-dim soliton solutions in gravi-
tational theories in connection with soliton solutions of other integrable systems. From
(11) we already see a difference from other integrable systems in that the soliton poles in
the spectral parameter space have their own space-time dynamics ∂±µk = 2µk/α ∓ µk.
Disentangling the soliton interaction from the background geometry and looking for phys-
ically meaningful quantities that usually characterize solitons in rigid theories is not a
simple matter because of the transformation of the conformal factor f in (8). It was
suggested recently that the integer quantity sgn(α2 − µ2) plays the role of a topological
index for gravisolitons [4]. Note that the two solutions of (11), µ+ and µ− = α
2/µ+, can
be regarded as defining a soliton or anti-soliton configuration with α2−µ2 changing sign
under µ+ ↔ µ−. It is essential for all this to choose globally µ+ or µ− even through the
causally disconnected regions of space-time. It can be seen in the axion-dilaton sector
of the Nappi-Witten universe that under θ → θ + pi the soliton interpretation of the
background changes to that of an anti-soliton.
It will be very interesting for future study to examine the status of gravisolitons using
the 2-dim reduction of the space-time supersymmetry algebra. The conformal factor will
play a crucial role in this context as it describes central extensions of the underlying
hidden symmetry group, where the supersymmetry transformations can be embedded
by bosonization [5]. The physics of 2-dim gravisolitons remains unexplored to a large
extend.
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